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1. INTRODUCTION 
From (abelian) group theory and algebraic topology we know a very 
useful and important equation, describing a connection between homo- 
morphisms, Cartesian products, and direct products: 
Hom(B(%N), G) E Hfgl Hom(K G), (1) 
cf. L. Fuchs [8, p. 182, Theorem 43.11 or S. Eilenberg and N. Steenrod 
[6, p. 147-1481. 
cf. Section 2. 
a(*..) = ZD = direct product of ... 
. . . 
K(‘..) = K = Cartesian product of ..‘, 
. 
It is natural to consider a corresponding equation with ‘W’ in the first 
component of Hom( , ). Such a “dual” equation would have the form 
Hom(K(‘&Q G) g H:ll Hom(H, G). (2) 
t 
This equation may be interpreted as “Riesz-FrCchet-type-theorem” in 
group theory. Here the group 6(%X) plays the part of the Hilbert space. 
Unfortunately (2) is quite often false, even for abelian groups. But this has 
interesting consequences for classes of perfect groups; cf. R. G6bel and 
XRichter[l3],and R. Gijbel[12], see also Theorem 5.1. Nevertheless it seems 
to be interesting to look for the domain of validity of (2) just for its own sake 
and in this case also for application to questions on classes of perfect groups: 
(2) was shown by E. Specker [30] in 1950 for the case of a countable set Yn 
of infinite, cyclic groups Z and G = Z. This result was generalized to 
uncountable sets 9X (of infinite, cyclic groups and G = Z) in 1954 by 
A. Ehrenfeucht and J. LOS [5] (presented to the AcadCmie Polonaise des 
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Sciences on April, 2nd, 1954) and E. C. Zeeman [31] (received for publication 
at the J.L.M.S. on April 12th, 1954). 
Introducing the expression “slender groups” into abelian group theory, 
J. Los (cf. L. Fuchs [7]) generalized the known results to a great extent in 
1958: Let ‘t’ (once and for all) be an infinite, countable set of infinite, cyclic 
groups and let K:(‘?Y) be its Cartesian product; cf. Section 2. An abelian, torsion 
free group A is called slender, if a homomorphism (J from Qcg) into 4 sends 
almost all components XE% into the zero of A, i.e., 4% = 0 for almost all 
X E Y. Important properties of K:(g) were discovered by E. Specker [30] and 
were generalized by G. Nobeling [20] in 1968 dropping (in particular) the 
countability condition 1 @ 1 = N, . Related results are to be found in A. L. S. 
Corner [4]. Then (2) is satisfied, if 9J1 is a set of torsion free, abelian groups 
(with j YJ1 ; less than the first cardinal of measure not zerol) and if G is 
an (abelian) slender group. In addition J. Los showed that certain sub- 
groups of the rational numbers (=Q) are slender (in particular Z is slender). 
L. Fuchs showed that direct products of slender groups are slender; 
cf. L. Fuchs [7, pp. 16991731. 
The domain of validity of (2) was extended in 1959 by E. Sasiada [28]: 
he showed that every countable, reduced and torsion free abelian group is 
slender. Finally in 1961 this was generalized to a characterization of abelian, 
slender groups by R. J. Nunke [21-231: A torsion free, abelian group is 
slender if and only if it is reduced, contains no copy of the p-adic integers 
for any prime p f  1, and contains no copy of O(g). 
In order to extend the validity of (2) t o non-abelian groups G, we have to 
write (2) in a different form and we define: V Hom(K(‘JJ1), G) to be the set 
of all 0 E Hom(QM), G) with “finite support on ‘JJ1,” i.e., there is a subset 
mm* of 9JuL such that the restriction of (T to K(!U*)L C &(9x) [“L” means the 
canonical embedding of K(m*) into ~(9Jnl); cf. Section 21 is 0 and *3;n\!JJ1* is 
finite. I f  G is abelian, V Hom(&(!Jx), G) is a subgroup of Hom(K(%J1), G). 
Then (2) reads: 
Hom(K(!lJQ G) = C Hom(O(!JJ)J1), G). (3) 
We call (naturally!) an arbitrary group G a slender group if G is torsion free 
and if a homomorphism (T from K(v) into G sends almost all components 
X E %? into 1 of G, i.e., ox = 0 for almost all X E %. Then it will be shown 
(Theorem 4.3). 
The following conditions for a group G are equivalent: 
(a) G is slender. 
(b) All abelian subgroups of G are slender. 
(c) The equation (3): 
Hom(K(9JQ G) = V Hom(O(‘JJQ G) holds for arbitrary sets 9Ju1 of groups. 
1 This assumption V on !IJ will be made throughout this paper. 
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Motivated by the behavior of Cartesian products of certain perfect groups, 
cf. R. Gobel [l 11, it seems to be interesting to consider the following more 
general class of groups: We call a group G a stout group,2 if G has the following 
property: 
There is a countable set U of groups isomorphic to a free product 
X = Y * Y of a group Y such that 1 # Y # Z, , Hom(X, G) = 0 and 
Hom(K(!lJ1), G) = 0. 
It is an immediate consequence of the theorem above and the definition 
of V Hom(K(!lx), G), that slender groups are stout groups. Furthermore 
the group 6(g) is not slender but stout, as follows from the next theorem. 
One might expect, that the class of stout groups is much larger then the 
class of slender groups. That this is not the case, follows by our next 
Theorem 4.1: 
For a group G are equivalent: 
(a) G is stout. 
(b) If  ‘JJZ is a countable set of groups with Hom(X, G) = 0 for all 
X E ‘9J2, then Hom(E(l)n), G) = 0. 
(c) If  A is an abelian subgroup of G, then A satisfies the following 
conditions: 
(i) A is torsion free. 
(ii) A is reduced. 
(iii) A is not a group J, of p-adic integers for any prime p f  1. 
I f  we apply the theorem to slender groups and the result of R. J. Nunke 
mentioned above, we derive (again Theorem 4.3): A stout group is slender if 
and only if it has no abelian subgroup isomorphic with 6(e). In particular 
a countable group is stout if and only if it is slender (Corollary 4.4). 
As an application-which was in fact the central purpose of our 
investigation-we obtain the Theorem 5. I : 
The following properties of an arbitrary class c of groups closed under 
subgroups are equivalent: 
(1) Countable Cartesian products of e-perfect groups are e-perfect. 
(2) e-groups are stout groups or e = U = class of all groups. 
An immediate consequence (using (Corollary 4.2(c)) is that the only classes e 
closed under subgroups and epimorphic images with property (1) are U: 
and 5 == class of groups of order 1. 
’ On the opposite side of the slender groups are the “thin” groups introduced by 
I;. Richman 1241. Stout groups are called “vollschlanke Gruppen” and defined b> 
Theorem 4.1 (3) in R. G6bel [ 12, Section 51. 
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In order to illustrate this application, we will show furthermore the existence 
of arbitrarily many linearly ordered (by inclusion) Cartesian closed classes 
of c-perfect groups derived from subgroup closed properties c; cf. 
Theorem 5.2. 
2. DEFINITIONS AND NOTATIOKS 
1 A j = cardinality of A, 
{...} = subgroup generated by . . . . 
Z = (additive) group of integers, 
N = natural numbers, 
Z, = cyclic group of order n E N, 
% = an infinite, countable set of infinite, cyclic groups Z. 
e is a class of groups if e contains the unit group and if t contains with a group 
all its isomorphic copies. A group G is c-perfect [G E eeQ] i f f  1 is the only 
epimorphic image of G which is an e-group; cf. W. Specht [29, pp. 76, 145, 
3321, R. Baer [l, p. 183, 2; p. 2881, Ph. Hall [15] and D. J. S. Robinson 
W, PP. 6, 71. 
Let 9J = ‘<Gi ; i E -?) be a set of groups. The Cartesian product 
&(!lJI) = Kit3 Gi is the set of all functions f  on YJJJ1 such that jX E X for all 
X E 9JJl together with the multiplication defined by components: 
(f .g)X =fX .gx for all S E $331. 
Support off =: Xf == (X; fX :,k I, X E !lJr) for f  E E(YJJ). $!JJ1 = CS~K G, = 
(f; f E (5(‘331), I Zj / < X> 7: &Cartesian product of ‘JJ1; cf. R. Gobel 
PA P. 71. 
&$I2 = a(sn) = direct product of 911. 
If  & < !JJ& we denote by “6” the canoncial embedding of K(E) into K(!Jl2), 
induced by the equations 
C,e = all catesian products of countable many e-groups, 
Ce = all Cartesian products of e-groups, 
F,c := all free products of two e-groups, 
Qc = all epimorphic images of e-groups, 
Se = all subgroups of e-groups, 
DC = all direct products of e-groups; cf. D. J. S. Robinson [25, pp. 2-81. 
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Hom(A, B) is the set of all homomorphisms from A into B; this is sometimes 
a group (written additively). 
V Hom(E(!J1), G) = set of all homomorphisms u E Hom@(%R), G) “with 
finite support on 1)31”, i.e., there is a subset 9x* of ‘9.N such that the restriction 
of 0 to K(!E*)‘ is zero and $%2\9J1* is finite. An arbitrary group G is called 
slender (G E 9) if G is torsion free and if a homomorphism from O(g) into G 
sends almost all components X E V into the one of G. 
A group G is called stout (G E 9) if G has the following property: There 
is a countable set 91 of groups isomorphic to a free product X = Y * Y of 
a group Y such that 1 # Y f  Z, , Hom(X, G) = 0 and Hom(K(!lR), G) = 0. 
3. REDUCTION LEMMAS 
The following lemmas will be needed to prove our theorems in Sections 4 
and 5: 
LEMMA 3.1. Let x be a class of groups which contains at least one group G 
with 1 + G + Z, . Let be f(x) = QC,F,x. Then we get: 
(a) C,f(x) = f(r) and Qf(x) = f(s). 
(b) If 9Jl is a set of cyclic groups of order n E N with [ 9X 1 < 2No, then 
D(iJR) is an f(x)-group for any n. 
(c) Divisible groups of cardinality <2Ho are f(x)-groups. 
(d) Groups J, of p-adic integers are f(x)-groups for all primes p. 
Proof. We get Qf(x) = f(x) by construction of f(x) and C,f(x) = f(x) 
follows from R. G6bel [12, (A), Section 31. Therefore (a) is shown. 
Let G be an x-group such that 1 f  G # Zz . We consider an infinite, 
countable set 9x of groups isomorphic to G * G. It has been shown in 
R. GGbel [12, Satz 4.21 that there is an epimorphism gn from E(m) onto 
Z, for all natural numbers n. By construction it is E(%Jl) E C,F2r and therefore 
(i) Z, E QC,F,z = f(x) for all n E N. 
It follows from (a) and (i) that A = E(!U1,) E f(x), if %Uul, is a countable set of 
cyclic groups of order n. Since A is bounded and of cardinality 2L1a, A is a 
direct product of 2Ko cyclic groups of order n; cf. L. Fuchs [S, p. 88, 
Theorem 17.21. If  %n is a set of cyclic groups of order n and 1 %, 1 -5 2Ne, 
there is a natural epimorphism from -4 onto a(%,). Therefore D(sJ1,) is 
an f(x)-group and (b) is shown. 
Let (a,} be a cyclic group of order pn ( p prime # 1). Then {a,} E f(x) 
by (b) and therefore from (a): 
(ii) C = Ensrm {a,} E f(x). 
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Then D = 9 neN {a,> is a basis subgroup of the torsion subgroup of C. The 
structure of the factor group C/D has been investigated by several authors; 
cf. J. I,os [19, p. 271, Theorem 41, A. Hulanicki [17, p. 771, K. Golema and 
A. Hulanicki [14, p. 179-1801, L. C. A. van Leeuwen [18, pp. 290-3931. 
For the very explicit form we refer to L. C. A. van Leeuwen [18, p. 393, 
Theorem 31: 
(iii) C/D contains a direct factor isomorphic to a direct product B 
of 2Ko copies of 0 (and C/D contains a direct factor isomorphic to a direct 
product of 2”o copies of Z( p”)). 
(iv) C/D contains an “interdirect” product of 2xo copies of p-adic 
numbers J, . Therefore J, is an epimorphic image of C/D. 
From the structure theorem on divisible groups follows that any divisible 
group of cardinality <2No is an epimorphic image of B. Hence it belongs to 
f(x) by (a), (ii), and (iii). The p-adic numbers J, are f(x)-groups because of 
(ii), (iv), and (a). Therefore (c) and (d) are shown. 
If  we replace C, in Lemma 3.1 by C, we obtain the following. 
COROLLARY 3.1+. Let n be a class of groups which contains at least one 
group G with 1 f  G # Z, . Let be f(x) = QCF,x. Then 
(a) Cf(x) = f(r) and Qf(x) = f(x). 
(b) If 501 is a set of cyclicgroups of order n c N, then 9(9X) E f(3). 
(c) Algebraically compact groups are f(x)-groups. 
Proof. (a) and (b) follow as in Lemma 3.1. From Lemma 3.1 (b) and (c) 
it follows that all groups Z,k (1 :< K :< m) are f(x)-groups. By J. Los, 
cf. L. Fuchs [8, p. 160, Theorem 38.11, a group is algebraically compact i f f  
it is a direct factor of a Cartesian product of groups Z,k (1 .< K :< co). 
Therefore algebraically compact groups are f(x)-groups by (a). 
LEMMA 3.2. Let G be an arbitrary group. Theue is a group S = X(G) 
z&h the following properties 
(a) X = Y * Y and 1 # Y # Z, . 
(b) X == X’ is perfect. 
(c) Hom(X, G) = 0. 
Proof. We choose an arbitrary simple group 1’ with i Y / > / G 1 and 
1 1’ / > N, . One might use sufficiently large (infinite) alternating groups or 
examples given by G. Higman, B. H. Neumann, and Hanna Neumann [16]. 
Then X = Y * Y is perfect since Y is perfect. Let cr f  0 be a homomorphism 
from X into G. Since 0 :/- 0 and I’ is simple, X0 contains a subgroup isomorphic 
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to Y. We obtain Y 2 X0 C G and for the corresponding cardinalities 
iY/</XO/<jG]. This contradicts our choice of Y such that 
1 G 1 < / Y 1. Therefore Hom(X, G) = 0. 
If  !l.R is an arbitrary set of groups and c is a homomorphism from E:(m) 
into a group, we denote by (TV the restriction of 0 onto XL for all X E 91. 
According to IL C. Zeeman [31, p. 1981 we denote by d Hom(&(lr32), G) the 
annihilator of D(%l1) in Hom((K!IJI), G), i.e., u E LI Hom(K(!IR), G) i f f  
u E Horn@@.I& G) and D,(m)’ = 0. 
LEMM.~ 3.3. Let ‘$2 be a set of groups, ‘$I* be a set of / 93 j injinite, cyclic 
groups and G be a group. If CT E Hom(6(c3J), G), there is a map * from 
Hom(~(!IJ), G) into Hom@(W*), G) with the folowing properties: 
(1) If  ~6, 4 E Hom(K(%R), G) and3 #J + 4 E Hom(Q(sJJ), G), then 
(4 + $J)* = 4* + c,h* in Hom(K(m*), G). 
(2) U* fOifandonlyifof0. 
(3) There is a 1 - l-map rr from !Dl onto Sll* such that: 
(a) If  X E rrJz, 4 E Hom((@J), G) and dx = 0, then $$ = 0. 
(b) If  X E VI, then crx = 0 ;f and only if a$ = 0. 
Remark. (1) and (2) says: * is a homomorphism, different from 0 if 
u # 0 and if Hom(&(%P), G) is a group. (3a) says in particular: 
[13 Hom(a(%II), G)]* _C d Hom(&(%R*), G) and (3b): u ELI Hom(&(!IR), G) 
i f f  U* E il Hom(K(%R*), G). 
Proof. I. Construction of the map z-: 
Case (i). 0 $0 Hom(E(%R), G), i.e., (Jo # 0 for some XE%R: If 
X E !I11 and (TV # 0, we choose a fixed element x E X such that x“~ f  1. 
I f  X E !UI and ox = 0, we choose arbitrarily a fixed element 1 # x E X. 
Then let X0 = {x} and !IR” = (X0; X E !IR). 
Case (ii). It is 0 ELI Hom(E(%R), G), i.e., o, = 0 for all XE %R 
If 0 = 0, we choose arbitrarily fixed elements 1 + x E X for all X E 9-R 
If D f  0, there is an element y  E K(%R) such that I q # y” E G. Now we put 
x = yX E X if f  yX # 1 and choose arbitrarily a fixed element 1 # x E X 
if f  yX = 1. Again we define X0 = {.z} and m” = (X0; X E %R). 
In both cases / ‘$I 1 = / %R” 1 = I %R* I. Therefore there is a 1 - l-map 
p from %I1 onto %R” and a 1 - l-map 7 from ‘!U1O onto 1)32*. We put r = p . ‘T 
(maps are acting from the right), which maps ‘93 onto ‘W*. 
3 4 + 4 is defined by components: g++ti = gd . g” for all g E C5(%11). 
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II. Construction of the map *: 
There is an epimorphism 7 from 6(9J1*) onto (@Jr”) induced by the 
1 - l-map 7-l; cf. R. Gobel [12, (A), Section 31. Let K be defined by 
_vEKiff 
(a) y  E &(9J1), 
(b) yX E X0 for all X E YJ1. 
Then C(‘JJ1O) c K C (Z(W) and 1 e y  be the canonical isomorphism from t 
QIQ”) onto K induced by the map p-l. I f  4 E Hom@(\J31), G), we denote 
by I$ the restriction of I,!I onto K. Let be 
(c) #* = 17 . y  z,6 for all I/J E Hom(E(!IIQ G). 
III. Properties (I), (2), (3) of *: 
By construction 4” is a homomorphism from E(YJ531*) into G. 
(I): Follows from (c): I f  5, + I,!J E Hom(O.(%N), G), then 4 $ $ E Hom(K, G) and 
(2): In case (i) there is an element 1 # y  =: x6.0 for some x E X0 C X E ‘JJ{. 
Since xL E K and 7 is an epimorphism onto K, there is an element g E &(9x*) 
such that gn’~ = xL and therefore g”’ == y  # 1. Hence u* # 0. If  (J = 0, 
then u* = 0 by construction. Therefore in case (ii) (for o f  0) we have 
elements 1 # y  E E(!JJ1) such that y” # 1 and y  E K according to our 
construction of K. By definition of 7 and y  there is an element g E QIJ31*) such 
that 1) = g”y and g”* =-= yU # 1. Therefore (2) is shown. 
(3a):. I f  + E Hom(E(9JQ G) and +.Y := 0 for SE YJ& let be x E X” E (JJz*. 
Then we get x VW E X and therefore xL’*’ = xLvyLd = I, i.e., $$ = 0. 
(3b): I f  4 ~fl Hom(0(9J1), G), then we get u* Ed Hom((S(YJ1*), G) by (3a). 
I f  0 $0 Horn((Z(%I& G), then-via case (i)-we get (T~ f  0 i f f  Gxp # 0. 
By construction (c) of u* it follows that o& # 0 i f f  CT~ # 0, and (3b) is shown. 
A group G is called slender (GE 9’) if G is torsion free and if a homomorphism 
from c(U) into G sends almost all components X E %? into one of G. 
COROLLARY 3.4. Let G he a slender group and 9JI be an arbitrary set of 
groups. For a homomorphism o from Q(‘9.R) into G are equivalent: 
(1) u = 0. 
(2) u E A Hom@(YJQ G), i.e., D(mp = 0. 
proof. (2) is a consequence of (I). Therefore we assume 
0 + 0 E Hom(6(‘9N), G) such that D(9xp = 0. By Lemma 3.3 (2) and 
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(3b) there is a 0 # o* E Hom(C(~%R*), G) with ZCQJuI*)“* = 0 for a set 911” 
of infinite cyclic groups. Since C(m*) is abelian, A = C(%R*~* is an abelian 
subgroup of G. Because G is slender, and subgroups of slender groups are 
slender, we obtain 
C-1 0 + u* E Hom(C(%R*), A), and D(91~*)0v = 0 
for an abelian, slender group d. 
(-) contradicts a theorem of J. Los, cf. L. Fuchs [7, p. 170, Theorem 47.2(i)] 
on abelian slender groups. Therefore we get (T = 0. 
COROLLARY 3.5. Suppose G is a slender group and 9l an arbitrary set of 
groups. If  0 E Hom(6(%R), G) then ox = Ofor almost all X E mm. 
Proof. I f  the lemma is not true for G, then there is an infinite subset % 
of (331 such that ox # 0 for all X E %. According to Lemma 3.3(3b) there is a 
homomorphism u* E Hom(Q%R*), G) f  or a set !IJ?,* of infinite cyclic groups 
with the property: ux* # 0 for infinitely many X E ‘ml*. Since A = C(‘9R*)“* 
is an abelian subgroup of the slender group G, it follows that 
C+ E Hom(O(%R*), A) for the abelian, slender group A. This result contradicts 
L. Fuchs [7, p. 170, Theorem 47.2(ii)]. Therefore the corollary is shown. 
LEMMA 3.6. For a group G are equivalent: 
(1) G is a slender group. 
(2) If  ‘91 is an arbitrary set of groups and (5 E Horn@(m), G) then 
(4 ox = 0 for almost all X E A!!. 
(b) o = 0 ;f and only if ox = 0 for all X E !lJJ. 
(3) All abelian subgroups of G are slender. 
Proof. We will first show, that a group G with property (2b) is torsion 
free: According to Lemma 3.2 there is a group X = Y * Y with 
Hom(X, G) = 0 and 1 f  Y # 2, . Let !IJI be an infinite, countable set of copies 
of X. If  1 f  a E G is a torsion element of G, then there is an epimorphism 
(0#) u from CC(m) onto {a} by Lemma 3.1(b). It is ur E Hom(X, G) = 0 by 
Lemma 3.2(c) and therefore a, = 0 for all X E ‘$1. This contradicts (2b) 
and G must be torsion free. 
Now we take !DI = %? and consequently (2a) says that G has the property 
that a homomorphism from a:(%) into G sends almost all components X E %? 
into the one of G. Therefore (1) follows from (2a) and (2b). Subgroups of 
slender groups are slender. Hence (3) is a consequence of (1). It remains 
to be shown that (2) follows from (3): We assume G satisfies (3) but not (2). 
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By (2) and (3b) of Lemma 3.3 there is an infinite set %Q,* of infinite, cyclic 
groups and a homomorphism 0 f  a* E Hom(E(!JJ1*), G) such that either 
(a*) ox* # 0 for infinitely many X E 9x* 
@*I ox* = 0 for all X E ‘331*, i.e., U* Ed Hom(K(!JJ1*), G). 
But from (3) it follows that U* E Hom((@R*), A) with the (abelian,) 
slender group /l[==(QIN*)‘*]. Consequently (a*) contradicts Corollary 3.5 
and (b*) contradicts Corollary 3.4. 
A group G is called stout (G E 6) if G has the following property: There is 
a countable* set %R of groups isomorphic to a free product X = Y * I’ of a 
group Y such that 1 # Y f  Z, , Hom(X, G) = 0 and Hom@(%V), G) = 0. 
LEMMA 3.7. Let Y and ($5 be the classesof slender and stout groups, respec- 
tively. Then 
(a) Y < Q 
(b) SD9 = Y and SB = 6. 
Further properties of 8 will be derived from Theorem 4.1; cf. Corollary 4.2. 
Proof. (a) Let be G E Y. Take a set 911 of groups such that 
Hom(X, G) = 0 for all X E !lJ{. I f  cr E Hom(O(!IR), G), then (or E Hom(X, G) = 
0, i.e., ox = 0 for all X E %R. By Lemma 3.6 (2b) we obtain 0 = 0. Therefore 
Hom(E(!Ilnl), G) = 0 and particularly G E Q is stout, i.e., Y < 6. 
(b) SY == Y is trivial by definition of slenderness. Direct products 
of abelian slender groups are slender by L. Fuchs [7, p. 172, Theorem 47.41. 
Then D.Y = Y follows together with Lemma 3.6 (3). 
Let be C: C G E 8. There is a countable set ‘91 of groups isomorphic to a 
free product X = Y * Y of a group Y such that 1 f  Y f  Z, , 
Hom(X, G) = 0 and Hom(K(%JL), G) :-. 0. The set 9JL, X satisfies in 
particular Hom(X, 0’) = 0 and Horn (E(!JJuI), U) = 0. Therefore L’ E 6 by 
definition and SQ = C!, as required. 
4 Countable means countable but infinite. 
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4. PROOF OF THE THEOREMS ON STOUT AND SLENDER GROUPS 
THEOREM 4.1. For a group G the following are equivalent: 
(1) G is a stout group. 
(2) All abelian subgroups of G are stout. 
(3) If A is an abelian subgroup of G, then A satisJes the following 
conditions: 
(i) A is torsion free. 
(ii) A is reduced. 
P f 1. (iii) A 
is not isomorphic to a group of p-adic numbers for any prime 
(4) If  911 is a countable set of groups with Hom(X, G) = 0 for all X E ‘3J1, 
then Hom(6(!R);I1), G) = 0. 
(5) If  $98 is a countable set of perfect groups X = X’ with Hom(X, G) = 0 
for all X E ‘93, then Horn@(m), G) = 0. 
Proof. We know that S6 = 6 by Lemma 3.7 (b). Therefore (2) is a 
consequence of (1). Let A be an abelian subgroup of G. Then A is stout by 
condition (2). By definition there is a countable set ‘D of groups isomorphic 
to a free product X = Y c Y of a group Y such that 1 # I’ # 2, , 
Hom(X, A) = 0 and Hom(E(!N), A) = 0. If  E is the class of all groups 
isomorphic to Y, we get from Lemma 3.1 (b) that Z, E QC,F,x for all natural 
numbers n. There are epimorphisms from Cr(%V.) onto Z, for all n. In particular 
we get: 
(a) Hom(&(m), B) # 0 for all groups B which are not torsion free. 
From (a) and the property Hom(E(%l32), A) = 0 of m it follows (i) that A 
is torsion free. Let H be a group which is abelian but not reduced. By 
R. Baer, cf. L. Fuchs [8, p. 100, Theorem 21.31 H can be decomposed into 
H = D @ R such that D # 1 is divisible. In particular (L. Fuchs [S, p. 1051) 
H contains a countable infinite, divisible group E as direct factor. By 
Lemma 3.1 (c), E E QC,F,x and there is an epimorphism from E.(m) onto E. 
In particular we get: 
(b) Hom(K(m), H) # 0 for all abelian, not reduced groups H. 
From (b) the property Hom(K(%l)31), A) = 0 of %R it follows, (ii), that A 
is reduced. Let K be a group which contains J, (rHom(Z(pm), Z(pm)) as a 
subgroup for some prime p # 1. By Lemma 3.1 (d) the existence of an 
epimorphism from 6((D) onto J, follows and we get: 
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(c) Hom(K(!BQ K) # 0 f  or all groups K containing a group J, of 
p-adic numbers as subgroup. 
(iii) follows from (c) and the assumption Hom(Q(!Bl), A) = 0 on ‘911. 
Therefore (3) is derived from (2). 
Let us derive (4) from (3): Let G be a group which satisfies (3) but not (4). 
There is a countable set %V of groups such that Hom(X, G) = 0 for all X E m 
and Hom(K(%l1), G) f  0. Hence there is a u E Hom(~(%Q), G) such that 
o # 0 and I” = 0. From Lemma 3.3 (1) and (3b) we know that there 
exists a homomorphism U* from a(%‘) into G with 
(4 u.* r# 0 and ox* = 0 for all X E Z’. 
Let us denote by A the image of K;(g) under o*. The group A is abelian 
and satisfies (3) (i), (ii), (iii). It has been shown by R. J. Nunke [23, p. 70, 
Theorem 51, that each epimorphic image of K(g) is a direct product of a 
divisible group A,, a reduced cotorsion group A, and a Cartesian product 
A, of at most countable many copies of infinite, cyclic groups: 
A = A, @ iz, @ A, _ By (3) (ii), A, is trivial. The group A is torsion free 
because of (3) (i). It has been shown by L. Fuchs [S, p. 235, Corollary 54.51, 
that a torsion free group is algebraically compact if and only if it is a cotorsion 
group. Hence A, is reduced and algebraically compact. By I. Kaplansky, 
cf. L. Fuchs [S, p. 169, Corollary 40.41 every reduced algebraically compact 
group fl contains a direct factor isomorphic to J, or Z,, (iz = I, 2,...) for 
some p. If  A, # 1, then A, contains a group J, of p-adic numbers for some 
p # 1, since A, is torsion free. But this is impossible by (3) (iii), and therefore 
A, = 1. We have shown that A 1 A, = K:(g) for a subset % of +Y, i.e., 
cr* E Horn@(%), K(m)). From L. Fuchs [S, p. 182, Theorem 43.21 we get: 
(e) Hom(K(O), c(m)) z KxEn Horn@(%), X). 
Consequently u* can be “decomposed” into uV . nx E Hom(K(%), X) 
where nr is the projection of O-(s) onto X E %. Now jr)(%?)‘*‘p~ = 0 since 
a(Vy* = 0. The groups X E !II are infinite, cyclic and therefore slender by 
E. Specker [30, p. 134, Satz III]. From Corollary 3.4 we obtain that 
u* . rx = 0 for all X E %. This is equivalent to uV L= 0 by (e) and contra- 
dicts (d). Hence (4) follows from (3). (5) is a special case of (4) and (1) follows 
from (5) and Lemma 3.2. Therefore Theorem 4.1 is shown. 
COROLLARY 4.2. (a) Cartesian products of stout groups are stout. 
(b) O(g) is a stout group but not slender. 
(c) If  x is a class of stout groups such that QSx = x, then x = 2. 
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Remark. It follows from Corollary 4.2 (b) and Lemma 3.7 (a) that the 
slender groups are a proper subclass of the class of stout groups. 
Proof. (a) Let % be a subset of 8 and let !lli be an arbitrary set of groups 
with Hom(X, K(‘%)) = 0 for all X E ‘9Jl. We consider u E Hom(&(!RZ), E(‘%)) 
and denote by ry the projection from &(!lJ1) onto the component YE ‘3. 
Then D . xr E Hom(O.@E), I’) holds for all YE $3. Now Hom(X, Y) = 0 for 
all X E 9x and all YE 3, since Hom(X, a(%)) = 0. Since YE @? is stout, 
we have Hom(K(sm), Y) = 0 for all Y E $37 by Theorem 4.1 (4). In particular, 
(5 .7ry = 0 for all YE%. Therefore u = 0 and Hom(K(!W), a(%)) = 0 
is shown. From Theorem 4.1 [(4), (I)] we get K(‘%) E 8, and (a) is shown. 
(b) Z is slender, as shown first by E. Specker. Therefore Z is stout by 
Lemma 3.7 (a) and E(%‘) is stout by Corollary 4.2 (a). I f  we take an auto- 
morphism of a(%?) induced by a permutation of %??, this automorphism shows 
that K(%‘) can not by definition be slender. 
(c) We assume x f  2. Since QSx == r < 8 there exists a finite 
(cyclic) stout group # 1. That this is impossible follows from Theorem 4.1 (3). 
THEOREM 4.3. The following conditions for a group G are equivalent: 
(1) G is slender. 
(2) If (3M is an arbitrary set of groups and o E Hom(E(911), G) then 
(9 ox = 0 for almost all X E $8. 
(ii) o = 0 zf and only zf ox = 0 for all X E ‘$1 
(3) All abelian subgroups of G are slender. 
(4) If A is an abelian subgroup of G, then A satisfies the .following 
conditions: 
(i) A is torsion free. 
(ii) A is reduced. 
(iii) A is not isomorphic to a group J, of p-adic numbers for any 
prime p f  1. 
(iv) A is not isomorphic to an injinite, countable Cartesian product 
K(U) of in$nite cyclic groups. 
(5) G is stout and contains no subgroup isomorphic to E(%?). 
(6) Hom(t!@Jl), G) = V Horn@(W), G) for all sets ‘$I of groups. 
Proof. The equivalence of (1) to (3) was shown in Lemma 3.6. The 
equivalence of (3) and (4) follows by application of the known result on 
abelian slender groups, cf. R. J. Nunke [23, p. 71, Corollary 61. The 
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equivalence of (4) and (5) follows by application of Theorem 4.1. The 
equivalence of (2) and (6) f  o 11 ows immediately by definition of “V”. 
COROLLARY 4.4. For a countable group G the following are equivalent: 
(1) G is stout. 
(2) G is slender. 
(3) All abelian subgroups of G are torsion free and reduced. 
(4) If  9.N is a set of groups and Hom(X, G) = 0 for all X E 9.N then 
Hom(E(%l1), G) = 0. 
(5) Hom(Q(‘J32), G) = 0 Hom(C(%V), G) for all sets 9JI of groups. 
Remark. The corollary follows directly from Theorem 4.1, Theorem 4.3 
and j J, 1 c= 1 E(g)1 > K, . 
5. APPLICATION TO CLASSES OF PERFECT GROUPS 
Let e be a group theoretical property. A group G is called c-perfect 
(GE e-Q) i f f  1 is the only epimorphic image of G which is an e-group; 
cf. W. Specht [29, pp. 76, 145, 3321, R. Baer [I, p. 183, 2; p. 2881, Ph. Hall 
[15] and D. J. S. Robinson [25, pp. 6, 71. As an immediate consequence of 
Theorem 4.1 we obtain the following. 
THEOREM 5.1. The following conditions for an arbitrary subgroup closed 
class c of groups are equivalent: 
(1) Countable Cartesian products of c-perfect grous are e-perfect. 
(2) Countable Cartesian powers of e-perfect groups are e-perfecf. 
(3) e-groups are stout or e = U = class of all groups. 
Proof. First of all we recall: 
(a) ,4 group X is e-perfect if and only if Hom(X, G) = 0 for all 
e-groups G. 
(3) - (1): I f  e = U, then e-Q = Z and (1) is a trivial consequence of (3). 
Let e be a class of stout groups and 911 be a countable set of e-perfect groups. 
Then it follows from (a) that: 
(b) Hom(Y, G) = 0 for all Y E !Il1 and all e-groups G. 
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From Theorem 4.1 (4) and G E 6 we derive Hom(K(911), G) = 0 for all 
G E c. Using (a) we get (Z(‘$JI) E e-Q, and (1) is shown. 
(1) + (2): (2) is a special case of (1). 
(2) + (3): All groups are subgroups of simple groups; cf. e.g. R. Gobel 
[lo, p. 23, Lemma 5.21. Therefore if e f  LI there is a simple group Y f  1 
which is not 2, and not an e-group. Therefore Y is an e-perfect group by 
simplicity. By R. Gobel and M. Richter [13, p. 373, Theorem 3.3 (d)] 
X = Y * Y is an e-perfect group too. If  m is a set of countably many copies 
of X, we obtain by (2), that (@PI) is e-perfect. Using (a) we get the following. 
(c) Hom(X, G) = 0 and Hom(&(!I~), G) = 0 for all X E !RuL and G E e. 
Therefore G is stout by definition, i.e., e < 6 or e = U is shown. 
From Theorem 5.1 and Corollary 4.2 (c) it follows that 21 and 2 are the 
only factor inherited group theoretical properties with Ce-Q = e-Q; cf. 
R. Gobel and M. Richter [13, p. 371, Theorem]. Therefore the C-closure 
of e-Q is very restrictive if QSe = e. The next theorem illustrates that 
Ce-Q = c-Q is no longer such a strong condition if one requires only SC = e 
(compare Theorem 5.1). 
THEOREM 5.2. One can construct explicitly arbitrarily many d$erent 
Cartesian closed classes eiQ of e,-perfect groups for subgroup closed properties 
c,[v E 31. These are linearly ordered by inclusion. 
Construction. Let H, be the simple group constructed by G. Higman, 
13. H. Neumann, and Hanna Neumann [16] from a free group of rank N, > N, . 
Let e, be the class of all groups, isomorphic to a subgroup of H, . Then c, 
constitute a linearly ordered sequence of subgroup closed group theoretical 
properties. It follows that the classes of c,-perfect groups c;~ are linearly 
ordered in the opposite direction. Since H,,, is simple, it follows that 
H,,, E e-Q or H,,, E c for an c = e, . All c,-groups have cardinality <N, 
and / l&+, 1 = N,,, . Therefore H,,, E elQ, but H,,, $ c;+? . Therefore the 
chain eTQ is of arbitrary length and does not collapse. By construction Hv 
is slender for all V. It follows from Theorem 4.3 that CciQ = eyQ for all v. 
Q.E.D. 
In this paper the characterization of epimorphic images of K:(e) given by 
R. J. Nunke [23] was used extensively. It would be natural-and very helpful 
for further investigations of the “Theorem 5.1 -type”- to consider the 
following: 
PROBLEM. Let %‘, be a set of cardinality X, of infinite cyclic groups. What 
do the epimorphic images of &(gV) look like? [The case %?a is answered by 
R. J. Nunke’s theorem.] 
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AVote added in proof. From a different point of view I,. Fuchs raised to a certain 
extent the same question during the “Symposium on Abelian Groups” at New Mexico 
State University in June 1962, cf. L. Fuchs [p. 26, Problem 211 in “Topics in Abelian 
Groups” edited by J. M. Irwin and E. A. Walker (Scott, Foresman, Chicago, Ill. 
1963). First investigations on this can be found in a recent paper by 0. Gerstner 
[“Algebraische Kompaktheit bei Faktorgruppen van Gruppen ganzzahliger Abbil- 
dungen,” Manuscripta Math. 11 (1974), 103-1091. 
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